INTRODUCTION
The o~iect of this paper is to review the recent status of the theory of excluded volume effect for flexible chain macromolecules. A review of the perturbation treatment of this effect was given by Stockmayer and the present author at the Wiesbaden Symposium!, 2. Here I am restricting myself to some selected problems which are essentially related to the excluded volume effect for polymers in good solvents.
END-TO-END DISTANCE OF FLEXIBLE LINEAR MACROMOLECULES
In this discussion the excluded volume effect on the mean-square end-toend distance < R 2 > of a flexible linear macromolecule is discussed first of all.
Consider a molecule consisting of N + I identical segments which are connected by N bonds of root-mean-square length a. The probability function of each bond vector r is assumed to be Gaussian, T(r) = (3/27Ta2)312 exp (-3 r2J2a2) ( 1) and the mean-force potential of segmental interaction is assumed to be additive over segment pairs. Furthermore, it is assumed that the shortrange nature of the pair potential w(Rij) assures the following approximate equality: Here Rij is the vector distance between segments i and j, and S(Rij) is the three-dimensional Dirac delta function. With the model and the approximations described above, the mean-square end-to-end distance <R2 > is written as <R2> = S R2P(R)dR 
where the symbol Tidrk/d R indicates that the integral is performed over all values of rk's under the restriction that R( = Lk rk) is kept constant.
For further development of calculation it is convenient to define the random flight probability functions as 
<R2> 0 112 is called the unperturbed end-to-end distance and IXR is called the linear expansion factor. Equation (13) is exact, but the application is seriously limited to a narrow range of small z, because of the slow convergence of the series. Different treatment is, therefore, needed to establish a closed expression for IXR· An important step in this direction was taken by Fixman who in 1955, presented two independent methods for treatment of Z (R) and <R 2 >3. The first one corresponds to the Bragg-Williams approximation in statistical mechanics which consists of a factorization of the so-called "multiplet" probability density into a product of the "singlet" probability densities.
In this case of chain statistics, P 0 (0ij, ... IR) defined by equation ( 10) represents the conditional probability that a set of segmental contacts of i and j pair and so on occurs simultaneously in the given random-flight chain wi th fixed R. Hence, this function can be expressed as (15) in which P 0 (sh Sj · · · St I R) represents the probability density of finding a set of segments i, j, · · ·, t at the positions sb Sj, · · · St when the end-toend distance is fixed at R. The origin of the position vectors may be chosen at the centre ofmolecular mass. Then, introducing the factorization approximation that
we obtain
i<j k<l with (19) Substitution of equations ( 17), ( 18) , and so on into equation (9) now yields a closed expression for Z(R)
The function p 0 (s IR) represents the average segment density at s for the random-flight chain with R fixed, its significance lying in the axial symmetry about the vector R. This is most clearly exemplified by the difference in the gyration radii in the three directions,
where the x axis is chosen in the direction ofR. Taking this feature of p 0 (s IR) into account, Kurata et al. assumed an ellipsoid model whose principal radii are chosen to be proportional to <Sx2>112, <Sy2>112 and <Sz2>112, and put
Using this p 0 (s I R), they finally derived4
Recently, Imai has also obtained5
M.KURATA by using the correct expression for p 0 (s! R).
The second method ofFixman for obtaining a closed form of IXR is essentially equivalent to the "coupling-parameter" method. Differentation of equation (4) for <R2> with respect to ß yields d<R 2 > Jdß = ~ J R 2 [P(R)P(Oij) -P(Oij, R)]dR (25) i<j Then, adopting the uniform expansion approximation, he replaced the real-chain probability functions, P(Oij, R), P(Oij) and P(R), by the corresponding probability functions for a random-flight chain with a conventional bond length ;t.a, and derived (26) (28) after adjusting the unknown constant K to the correct z2-term in equation (13) . All of these equations, (23) , (24), (27) and (28), predict that IXR3 becomes proportional to Ni for su:fficiently large values of z. Thus, these theories may be called the "third-power law" theories. It is also tobe noted that the simplest equation (27) is numerically very close to equation (23) for the whole range of variables of practical interest (z ~ O)t. Therefore, in experimental test of the "third-power law", we can safely focus our attention on equation (27) alone. Now, in order to proceed to experimental test, Iet us denote the number of real bonds by n and the bond length by l, and put (29) n and l are most frequently the number of skeletal carbon atoms and the C-C bond length, respectively. Then E represents the effects of bond angle fixation and internal rotations on the chain dimension. The theory of the "short-range" interaction indicates that E is a constant independent of n. Substituting equations (29) and (27) into equation (12), we obtain (30) This equation suggests a possibility for estimating the short-range interaction parameter E from the <R2> v. n relation alone. That is, E can be The ~attcr equation resembles in form to the < S 2 > v. n relation for highly branched molecules 8 Equation (27), on the other hand, has rto solution for z smaller than __:.:_0·5.
estimated from the intercept of the straight line which is obtained by plotting the ratio ( <R2>Jn)312 agairrst n~. A test of this graphical method may be based on the computational data of <R 2 > for a diamond lattice chain which are obtained by Walland Erpenbeck9. In this case, the correct values that E = y2 and l = 1 are given a priori by the definition ofthe chain, so that we can test the reliability of the proposed method, and hence of equation (27), by a direct comparison of the estimated value of E with the correct one. Sucha test isillustrated inFigure I, where the interceptcorresponding to th~ correct value of E is also shown by the white circle. It may be seen from the figure that the proposed method Ieads to the correct estimate of E, possibly to within a five per cent error. Another parameter ß can also be determined from the slope of the plot in Figure 1: i.e.
The value of Njn, however, can not be uniquely determined from equation One is toset N simply equal to n, which Ieads to ß = 0·36. The other is due to Kuhn, in which the auxiliary condition,
is set in addition to equation (29). This yields
and hence ß = 1·44. The latter value of ß is approximately in agreement with the correct value of ßo for the real chain element, 1·53 which is the volume per lattice point. Since the excluded volume of the statistical segment ß would not be smaller than that of the real chain element, we can safely discard the former definition of the equivalent random chain, N = n, in the problern of the excluded volume effect. This point is very important, especially in connection with the theory of polyelectrolytes which will be given later.
In conclusion, it can be said that the essential correctness of the thirdpower law is established for (XR both theoretically and experimentally ( the computational calculation is nothing but an ideal type of experiment !) .
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SPHERICAL STATISTICAL RADIUS OF FLEXIBLE LINEAR MACROMOLECULES
The spherical statistical radius S which is usually called the radius of gyration, is defined as
where Sj represents the distance vector of the j-th segment from the centre of molecular mass. The role of S as a measure of chain dimension is more fundamental than that of R, for the former quantity can be directly determined by light scattering measurement. Furthermore, S alone can be defined for ring or branched molecules. However, as is seen from the recent work by Fixman, the configurational statistics becomes a rather formidable task for the chain with S fixed6, 10 . The probability function of S, for example, is obtainable in explicit form, but only for S much less than the mean, near the mean, or much greater than the mean: i.e.
The multivariate probability functions such as P 0 (Rij, S) and P 0 (sj, S) are almest intractable, though their Fourier transforms are elegantly obtained. Thus it seems apparently hopeless to develop the theory of excluded volume effect, followjng the methods described in the preceding section. However, apart from the explicit form ofthe probability functions, we may formally write
in parallel with equations (4) to (6) . The relation between Sand rk is now g1ven as On the other hand, the fi.rst-order perturbation theory of <S2 > which has been established through a different route of calculation ( actually, through the perturbation calculation of <Rij 2 >) gives Thus, the unknown sum in equation ( 43) This is the theory of Fixman for oc 8 6. Turning to the factorization method of P 0 (Üij, ... S), we may put
As S is the scalar quantity, the average segment density p 0 (s 1 S) must be of spherical symmetry, in cantrast to p 0 (s IR) ofaxial symmetry. This observation suggests that a sphere model, rather than the ellipsoid model, would be preferable for the present case of the chain with S fixed. Thus,
The S-3 dependence is tobe compared with the essentially R-1 dependence
is a Gaussian function, the "fifth-power law" of ocs, instead of the "third-power law" can be obtained:
Here the numerical constant was adjusted to the first-order perturbation term. However, as was given in equation (35), the function P 0 (S) is significantly different from the Gaussian function, especially at small t. Therefore, equation (51) cannot be necessarily justified. The present model of polymer chain consists of the effective bonds, whose distribution is given by the Gaussian function, equation ( 1) . The Gaussian M.KURATA form of probability function is then automatically assured for any distance vector which can be represented by a linear combination of r 1 /s. Noting this fact, we may easily construct the vector radius D, whose probability function is given as
That is, taking the random·flight average of equation ( 40), we obtain (53)
Then, if we put (54) it is automatically assured that <D 2 >o = <S 2 >o
The radius D, like S, would be a measure of the inner configuration of the given chain. With D fixed, the chain shows an aspherical distribution of segments :11 i.e. This function has a sharp boundary at s = y(2)S, and varies as (s2S) -1 far in the interior of the molecule. As was noted by Fixman, this is just the density that would result from a thin, uniformly filled cylinder being averaged over all orientations around its middle point. Now, equation ( 48) may be rewritten in the form,
or in the alternative form,
with
Here M is the molecular weight, and m is the molar weight of a chain element, or most frequently the average molar weight per skeletal carbon atom. Agreement of equation (58) 
HYDRODYNAMIC PROPERTIES OF FLEXIBLE LINEAR MACROMOLECULES
Theory of the excluded volume effect on the hydrodynamic properties such as intrinsic viscosity (1] ] and sedimentation constant s has not been fully developed yet, except for the perturbation treatment. The latter yields, in the limit of non-draining effect13, 14.
[ 1J] = K'lfM~~J.'f/3 (61) especially in the former, are not exact, it is weil established that they are somewhat smaller than the corresponding constants for cx 8 3 or ~J.s. In other words, hydrodynamic radii increase with increasing z less rapidly than the spherical statistical radius does. Now the use of the third-power law for cx and IJ.f immediately yieldsl5
where B is the long-range interaction parameter defined by equation (60). This relationship is illustrated in Figure 2 where the solid line represents the theoreticalline and white circles represent the experimental data obtained for solutions of cellulose derivatives. The broken curve and the dotted curve represent the theoretical correlation between vs and vrJ which are obtained for partially draining Gaussian coils and rigid ellipsoids, respectively. A rough agreement may be observed between experiment and equation (74). This indicates that the non-draining coil with the third-power law excluded volume effect is the best model even for solutions of cellulose derivatives. Tests on the reliability of the viscosity graph for separate deterlhinations of A and B have been extensively made by Stockmayer and the present author based on the existing body of experimental data1 2 , and need not be reproduced here. We record only one point that the cellulose derivatives are characterized by the combination of a rather small unperturbed dimensions and an extremely large expansion factors. This view is now given a direct experimental support by the small-angle X-ray scattering data of Kratky and others17, 18. Returning to the theoretical aspects, we refer to the recent calculations of the Flory universal constant cf> 0 by Hearst19, and by Fixman and Pyun20. As is weil known, the classical Kirkwood-Riseman theory of the theta-point viscosity [ YJ] e is based on two assumptions or approximations, one being the neglect of segmental Brownian motion and the other the replacement of the Oseen hydrodynamic interaction tensor by its spherical scalar average. However, it has already been verified by Zimm that the former assumption does not introduce any essential error into the final estimate of the constant rl> 0 • In other words, the theoretical value of rl> 0 was found to be cf>o = 2·87 X 10 2 3 cgs (75) by Kirkwood and Riseman without consideration ofBrownian motion21, and
by Zimm with explicit consideration ofBrownian motion 2 2. No attempt was devoted until recently to improve the Kirkwood-Riseman spherical approximation of the Oseen tensor. Two years ago, Hearst presented a viscosity theory of semi-flexible polymers in which a cylindrical average of the Oseen tensor was used in place of the spherical average. In the Iimit of complete flexibility of the polymer chains, this theory predicts that19
However, because of the additional assumption on the location of the molecular centre ofmass, it is difficult to assess the accuracy ofthis estimate. Very recently, Fixman has presented a perturbation method for treating the effect of hydrodynamic interaction in the normal coordinate description of chain configurations without introducing any premature average of the Oseen tensor. Although the actual calculation of cf> 0 performed by Pyun and Fixman is limited to within the zero-th order diagonal approximation, the result predicts that cf>o = 2·68 X 10 2 3 cgs (78) which is quite close to the Zimm estimate, equation (76). Thus, assuming the still unknown correction of cf> 0 from the higher-order perturbations to be 5 ~ 10 per cent, we may tentatively conclude that the short-range interaction parameter Ais determined from the theta-point viscosity constant KtJ to within 2 ~ 3 per cent error. As for the excluded volume effect on the intrinsic viscosity, no rigorous treatmenthas been presented yet even in the vicinity ofthe theta temperature. The perturbation treatment by Kurata and Yamakawa, equation (63), is developed only on the basis ofthe two Kirkwood-Riseman approximations mentioned above. Clearly, a more rigorous treatment is needed for establishing the theoretical equation of the intrinsic viscosity for polymers in good solvents.
On the other hand, equation (69) ofthe translational friction constant has a theoretical basis which is more sound than is in the case ofviscosity. According to Kirkwood, the translational friction constant f is quite generally expressible in the form23,
(79) Then, applying the Fixman variation method to the calculation of < 1/Rij >, we can readily show (80)
The combination ofequation (80) with equations (79), (14) and (60) yields equation (69).
POLYELECTROLYTES
I t is now weil established that in a high concentration of added salts, there exists the theta condition in polyelectrolyte solutions. U nder this condition24,25, the second virial coefficient vanishes, and the intrinsic viscosity becomes proportional to M ~.In other words, the long-range inter-and intramolecular segmental interactions both simultaneously vanish at the same condition of temperature and solvent. In addition, the so-called liquidliquid phase separation occurs at the temperature Tc near theta temperature, and the value of Tc -l is actually proportional to M-i as is expected from the famous Flory rule. All this evidence now indicates that the e:ffective force acting between ionized segments must be of the same nature as the force acting between neutral segments. This means that the effective force between ionized segments must be of pairwise additivity and of short-range nature. Such a feature may be expected when the radius of ion atmosphere K-1 is of the order of the effective bond length a. To obtain some idea of the orders of magnitude involved, we may note in which ze is the charge on a segment, e is the charge on a proton and Dis the dielectric constant. Then, as was pointed out by Ptitsyn26, the substitution of equation (83) into equation (3) yields
when kT ~ Wij· Fora 1-1 typesalt solutions, equation (83) becomes
where c is the salt concentration in numbers per unit volume. U nder the circumstances, all the equations given for neutral polymers may be applied to polyelectrolytes without any essential modification, and we obtain
The meanings of notations, N, n and m have been given previously. BN represents the effect of non-electric interactions, and the subscript zero attached toB derrotes the high concentration limit of the salt added. At a low concentration of added salt, the radius of ion atmosphere becomes solarge compared with the bond length a that the mutual overlapping of atmosphere makes the pairwise description certainly invalid. Then, the expansion of the polymer chain due to electric segmental interactions may be estimated by the use of a charge cloud model. Following equations ( 4), (5), and (20), we put
and again assume the equivalent ellipsoid model to estimate the total electric free energy F(R) of the chain with R fixed. Then, the Donnan-Kimball potential1R may be written as
in which VR is given by equation (78). Thus,
These equations, (87) to (90), are the same in form as those given by Flory, the only difference between two theories lying in the functional dependence of VR on R. Now, substituting equation (90) with equations (89) and (78) into equation (87), we obtain or.._its numerically equivalent form
Thus, we may finally obtain Figure 3 . Viscosity plot for sodium polyacrylate in water with NaBr added: Different marks refer to different concentrations of NaBr which are 1·506, 5·02 x 10-1, 1·00 X 10-1, 5·02 X 10-2 , 2·51 X 10-2 , 1·00 X 10-2 , 5·02 X 10-3, and 2·51 X 10-3 mole 1.-1 from bottom to top Figure 3 illustrates an example of the viscosity plot which is reproduced from the paper by Takahashi and Nagasawa. Similar tests of the theory have been madealso by Eisenberg and Woodside25, and by Ptitsyn26, From the intercept in Figure 3 , the value of A for sodium polyacrylate is determined as A = 0·80 X 10-s cm 
Then, assuming that the temperature independent part of ß comes from the repulsive core of segment, we can estimate the diameter of segment as 6·5 A.
On the other band, if N is made equal to n, we obtain 1·8 A as the segment diameter. Thus, the example again suggests that equation (33) gives a chain element of reasonable magnitude. Thus, using equation (33) again, and putting E = 3·4 and m = 94 for monomer unit, we obtain ß = 5·0 X 10-2 2/C = (0·81)2j2c 601 (103) which yields z = 0·8 for the charge on a segment. I t has long been noted that the electric interaction energy of polymer chains is diminished from the theoretical value by a factor about 100. This effect is often called the ion fixation, but its origin still remains unsolved. In the above treatment, the effect is put upon the inequality of N to n. In other words, the effect is regarded as that of mathematical nature, rather than that characteristic of polyelectrolytes, which arises from the present superposition of two different type theories, one for the short-range and the other for the long-range interactions. Having put N = nf E2, the total charge of the equivalent random chain, zN, is no Ionger equal to the total charge of the real chain zn. We wou]d hazard a guess that this type of difficulty would not appear when the theory of the long-range effect is developed for a more realistic chain model than the equivalent random-flight.
